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We obtain examples of knotted hypothetical molecular bond graphs which are achiral but have 
no topologically accessible symmetry presentations. Such a graph is one which can be deformed 
to its mirror image, yet it cannot first be deformed to a position which can then be rotated to 
its mirror image. 
Stereochemistry could be defined as the study of how the geometric structure of 
a molecule effects its chemical behavior. It is hoped that the structure of a molecule 
can be captured by a geometric model, known as a molecular bond graph. A recent 
subfield of stereochemistry, known as topological stereochemistry, attempts to syn- 
thesize and characterize molecules whose bond graphs can be distinguished by their 
topological embeddings in space [9]. The first example of such a molecule was syn- 
thesized by Wasserman [ll], in 1961. His molecule consisted of two linked rings, 
as illustrated by Fig. 1. Considered simply as a graph, this link is equivalent to two 
unlinked rings. It is necessary to look at the embedding of a link in space, in order 
to distinguish it from an unlink. 
Another topologically interesting molecule is the molecular Mobius strip which 
was synthesized in 1982, by Walba, Richards, and Haltiwanger [lo]. Synthesis of 
a knotted molecule has been sought for some time. The simplest type of knotted ring 
is known as the trefoil knot and is illustrated below, in Fig. 2. By sheer probability 
considerations, if a molecular ring is long enough it is likely to contain a knot. How- 
ever, to isolate and characterize such a knotted ring is another story. While to date 
no knotted molecule has ever been prepared and characterized by organic total syn- 
thesis, it is hoped that such structures will be prepared in the near future. Also, 
recent work with DNA has resulted in various knots being synthesized, and even 
used to help understand recombinant mechanisms [ 121. 
As knots and other topologically interesting molecules are now under investiga- 
tion by synthetic chemists and molecular biologists, it is becoming important for 
chemists to understand the symmetries of knotted molecular bond graphs in space. 
One type of molecular symmetry which is particularly important in predicting 
chemical behavior is mirror image symmetry, also known as achirality. A molecule 
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Fig. 1. Fig. 2. 
is defined to be chemically achiral if its geometric structure can be deformed to that 
of its mirror image by means of realizable molecular motions. However, mathemati- 
cally this definition is difficult to work with since different molecules have different 
realizable motions due to the degree of rigidity of the molecule, as well as other 
chemical properties. In order to make the property of achirality for complicated 
molecules more mathematically tractible, it may be helpful to interpret it in terms 
of topology. Many ideas and questions about interpreting molecular graphs as topo- 
logical objects are presented in [8], [9], and [ 111. 
We will define a molecule to be topological/y achiral if its molecular bond graph 
can be deformed in 3-dimensional space to its mirror image. In contrast, a topologi- 
cal chiraf molecule is one whose molecular bond graph has no such deformation. 
It is important to note that topological achirality, in general, does not imply chemi- 
cal achirality. Most molecular graphs are topologically achiral but, due to molecular 
rigidity and other chemical constraints, many represent chemically chiral molecules. 
Thus, while topological achirality is easier to detect mathematically than chemical 
achirality, it may not always provide the most useful information for the chemist. 
In contrast, a molecule which is topologically chiral cannot be deformed to its 
mirror image, even in the abstract, so surely it cannot be deformed to its mirror 
image by realizable molecular motions. Hence topological chirality is sufficient to 
rule out chemical achirality. 
It can be shown using elementary techniques from geometric topology, that a 
trefoil knot is topologically chiral. Fig. 3 illustrates the standard trefoil knot to- 
gether with the mirror image knot. These knots are sometimes referred to as the left- 
handed trefoil and the right-handed trefoil. Here, the ‘mirror’ is to be thought of 
as being parallel to the plane of the paper. Thus, the mirror image of a knot is ob- 
Fig. 3. The trefoil knot (left) and its mirror image (right). 
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tained from a given knot by switching all the overcrossings to undercrossings and 
all the undercrossings to overcrossings. 
Simon [6] used topological techniques to show that Walba’s molecular Mobius 
strip [lo] is topologically chiral and thus chemically chiral under all physical condi- 
tions for which the bond graph makes sense. There are many knots which are topo- 
logically achiral. For example, by combining left-handed and right-handed trefoil 
knots we obtain a ‘meso-compound’ with an S, axis (see Fig. 4). That is, if this 
knot is rotated by 180” around an axis piercing the page in the center of the knot, 
the mirror image will be obtained. Hence this knot is topologically achiral. 
The question now is whether there is any other mathematically characterizable 
property that is more closely related to chemical achirality than topological achirali- 
ty. We follow Walba [8] and introduce the notion of rigid achirality as follows. 
Rather than allowing any deformation of the molecular bond graph to its mirror 
image, we want to first deform the graph into an optimal position and then require 
that it remain rigid. In other words, we may seek what chemists call an accessible 
symmetry presentation. If the molecular bond graph can be deformed to a position 
in 3-space such that it can then be rotated, about an axis through an angle of 2np/q, 
wherep and q are integers, to obtain its mirror image, then the molecule will be said 
to be rigidly achiral. (The restriction that we rotate only through rational angles is 
not unreasonable since a molecular graph is only a model of reality.) The actual 
position of the graph which exhibits such a rotation to its mirror image we call a 
symmetry presentation. Thus, a molecule is rigidly achiral if and only if its molecular 
bond graph can be deformed to a symmetry presentation. 
The knot, seen below in Fig. 4 has, in fact, been drawn in a symmetry presenta- 
tion. Thus this knot is rigidly achiral. Any graph which is rigidly achiral is necessarily 
topologically achiral. Since a rotation is a particular type of deformation, any graph 
which can be deformed to a symmetry presentation can certainly be deformed to its 
mirror image. We are interested in the reverse question. That is, is every molecular 
bond graph which is topologically achiral necessarily rigidly achiral? (This question 
was asked in [l] as well as [8], and [9].) Mislow [4] gave examples of disubstituted 
biphenlys that are achiral yet have no chemically accessible symmetry presentations. 
Walba, [8] and [9], raised the question of whether such a phenomenon can occur 
Fig. 4. 
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if we allow complete freedom of movement of the molecular graph, that is replace 
chemically accessible with topologically accessible. 
We show that there are knots as well as other graphs which are topologically 
achiral but not rigidly achiral, and thus have no symmetry presentation. These may 
be regarded as hypothetical molecular bond graphs, since it is not yet known 
whether such a knot could actually be synthesized. 
In looking for topologically achiral knots which are not rigidly achiral it is 
necessary to be cautious because the symmetry presentation of a rigidly achiral knot 
is often hard to find. For example, the figure eight knot is topologically achiral, as 
can be seen from the deformation indicated in the diagrams in Fig. 5. 
On the other hand, a symmetry presentation for the figure eight knot does not 
resemble any of the stage of the deformation. For this reason, the figure eight knot 
was at first thought by chemists to have no symmetry presentation [8]. In fact, 
the figure eight knot must be deformed so that its projection into the plane of the 
paper has some additional crossings in order to achieve a symmetry presentation. 
A symmetry presentation, with S4 symmetry, for the figure eight knot is illustrated 
in Fig. 6. 
Note that the mirror image is obtained by rotating the symmetry presented around 
a central axis by an angle of 90”; rather than by an angle of 180”) as the reader might 
have expected. 
Before we obtain the desired knots which are topologically achiral but not rigidly 
achiral, we need to introduce some basic facts about knot theory (see [5] for further 
background). Suppose K is a knotted simple closed curve in 3-space. It can be shown 
that K is topologically achiral if and only if there exists an orientation reversing dif- 
feomorphism (a diffeomorphism is a differentiable mapping with a differentiable 
inverse) of 3-space which takes K to itself. If, in addition, K is given an orientation, 
then we can distinguish between whether the diffeomorphism h preserves or reverses 
the orientation of K. In the case when h preserves the orientation of K, then K is 
Fig. 5. 
Fig. 6. 
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said to be positive achiral. On the other hand, if h reverses the orientation of K, 
then K is said to be negative achiral. Formally, we should say ‘topologically positive 
achiral’ and ‘topologically negative achiral’, but for simplicity of terminology we 
omit the word ‘topologically’ in this situation. 
Suppose we are given a symmetry presentation for a knot K which is rigidly 
achiral. Then if we rotate K about an axis A by a rational angle of 2rcp/q, we will 
obtain the mirror image of K. If we were to iterate this rotation q times, every point 
in 3-space would return to its original location. Thus we say that this rotation is of 
order q. By composing such a rotation with a reflection, and an appropriate transla- 
tion of 3-space, we obtain an orientation reversing diffeomorphism of 3-space which 
takes K to itself and is of finite order. (The reader should perhaps look again at the 
symmetry presentation for the figure eight knot which is given in Fig. 6.) It can also 
be shown that if K is any knot such that there is an orientation reversing diffeo- 
morphism of 3-space which takes K to itself and is of finite order, then K is rigidly 
achiral. Of course, this still does not a priori provide a symmetry presentation for K. 
We now return to the issue of distinguishing between positive and negative achira- 
lity. Suppose that h is an orientation reversing diffeomorphism of 3-space which 
takes a knot K to itself, and is of finite order. If h preserves the orientation of K, 
then K is said to be rigidly positive achiral; whereas, if h reverses the orientation 
of K, then K is rigidly negative achiral. It can be shown that K is rigidly positive 
achiral precisely when there is a symmetry presentation for K where the axis A of 
rotation is disjoint from K. For example, again look at the symmetry presentation 
for the figure eight knot given in Fig. 6. On the other hand, a knot K is rigidly nega- 
tive achiral precisely when there is a symmetry presentation for K where the axis of 
rotation intersects K. 
Figs. 7a and 7b illustrate that the same knot can be rotated to its mirror image 
in two different ways. In the first case, the axis of rotation intersects the knot; 
whereas, in the second case the axis is disjoint from the knot. Thus it is possible for 
a knot to be both rigidly positive achiral and rigidly negative achiral. 
In the subfield of topology known as knot theory, knots are usually considered 
a b 
Fig. 7. 
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as embeddings in S3. (The 3-sphere, S3, is obtained as the compactification of 
3-space, by adding a point at infinity.) There is a notion in S3 corresponding to 
topological achirality in 3-space, which is known as amphicheirality. We shall now 
compare and contrast the situations in 3-space R3 and in the 3-sphere S3. Suppose 
K is a knot in S3 which is amphicheiral. Then, by definition, there is an orientation 
reversing diffeomorphism of S3 which takes K to itself. By applying the Lefschetz 
fixed point theorem [3], it can be shown that h must have a fixed point. Now h can 
be modified in a neighborhood of this fixed point to obtain an orientation reversing 
diffeomorphism g of S’ which takes K to itself and has at least one fixed point p 
which is not on K. Choosep to be the point at infinity. That is, define R3 to be the 
space obtained by removing the point p from S3. Now the knot K is contained in 
R3. Also since g(p)=p, the diffeomorphism g restricts to a map of lR3. So K is, in 
fact, topologically achiral in lR3. Note that it was important that we selected the 
point at infinity to be disjoint from K, otherwise K would not even be a simple 
closed curve in lR3 and hence our notion of achirality would not even apply. Since 
we are looking at models of molecules in real 3-dimensional space we do not want 
to extend our notions to never ending arcs. 
Now suppose we begin with a knot K in R3 which is topologically achiral. Then 
there is an orientation reversing diffeomorphism h of lR3 which takes K to itself. 
Such a map can easily be extended to a diffeomorphism of S3. Hence a knot is 
topologically achiral in R3 if and only if it is amphicheiral when considered as a 
knot in S3. 
This is not the case with respect to rigid achirality. The notion in S3 which cor- 
responds to rigid achirality is rigid amphicheirality. A knot K in S3 is rigidly 
arnphicheiral if there is an orientation reversing diffeomorphism h of S3, which 
takes K to itself, and is of finite order. Suppose we begin with a knot in lR3, which 
is rigidly achiral. Then there is a finite order orientation reversing diffeomorphism 
h of R3 taking K to itself. As in the previous case, h can be extended to a map of 
S3 which still has the desired properties. Thus any knot in R3 which is rigidly 
achiral, is also rigidly amphicheiral when considered as a knot in S3. However, the 
converse is not always true. 
Let K be a knot in S3, and let h be a finite order orientation reversing diffeo- 
morphism of S3 which takes K to itself. We can apply Smith Theory [7] to show 
that the fixed point set of h must either consist of a 2-sphere or of two distinct 
points. Also, since h leaves K invariant we can consider the finite order map induced 
by h on K. Since K is a l-sphere, h must either fix no point of K, every point of 
K or precisely two points of K. If h fixed every point of K, then K would have to 
be contained in the fixed point set of h. In this case the fixed point set of h would 
be a 2-sphere. Thus, contrary to our initial assumption, K could not actually be 
knotted. Therefore, either h fixes two points of K or h fixes no point of K. The 
former case occurs precisely when h reverses the orientation of K; and the latter case 
occurs when h preserves the orientation of K. 
Looking again at the complete fixed point set of h, suppose first that this set is 
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a 2-sphere. In this case, the fixed point set of h separates S3 into two balls. BY the 
Brouwer fixed point theorem [3], any diffeomorphism which takes a ball to itself 
must fix a point in the interior of that ball, Since h has no fixed points off of this 
sphere, h cannot take each ball to itself. Hence h must switch the two balls. But since 
h also leaves the knot K invariant, K cannot be contained entirely in either one of 
the balls. Therefore K must intersect the 2-sphere which is the fixed point set of h. 
So K contains some fixed points of h. Now, by the previous paragraph, K contains 
precisely two fixed points of h. Further, the orientation of K must be reversed by 
h. The two fixed points on K split K into two arcs which are switched by h. Since 
K is knotted each of these arcs must be knotted. The situation is illustrated by Fig. 8. 
It is now convenient to introduce some more vocabulary. A knot is said to be 
composite if there exists a 2-sphere which separates the knot into precisely two arcs, 
each of which is knotted. Any knot which is not composite is said to be prime. 
Hence, we have just shown that if the orientation reversing diffeomorphism h has 
a 2-sphere as its fixed point set then the knot is composite. 
The fact that, in this case, K is also rigidly negative achiral when considered as 
a knot in R3 can be seen by choosing the point p to be any point on the fixed point 
set of h which is not on K. Then define R3 to be the space obtained when p is 
removed from S3. Thus K is contained in R3 and h restricts to a map of lR3, which 
is still orientation reversing and of finite order. 
Thus we have shown that if h is an orientation reversing diffeomorphism of S3 
of finite order which takes a knot K to itself and has fixed point set a 2-sphere, then 
K is composite, h reverses the orientation of K, and when K is considered as a knot 
in lR3, then K is rigidly negative achiral. 
Now suppose h is an orientation reversing diffeomorphism of S3 of finite order 
which takes K to itself, but the fixed point set of h is not a 2-sphere. Then, as 
pointed out previously, h fixes precisely two points of S3. Also, either both of 
these points are on K and h reverses the orientation of K, or neither point is on K 
and h preserves the orientation of K. First suppose that the two points are not on 
K. Let p be either of these fixed points of h. Then K is contained in R3, where R3 
is the space obtained by removing p from S’. Also, h restricts to a map of iR3. 
Hence we can conclude that a knot in R3 is rigidly positive achiral if and only if the 
same knot is rigidly positive amphicheiral in S3. 
Fig. 8. 
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Finally, we consider the case where the fixed point set of h consists of two points 
which are both on the knot K. In order for K to be contained in lR3 we must pick 
the point p, which will be removed from S3, to be a point which is not on K. But 
in this case, p cannot be a fixed point of h. Thus if we pick the point p so that K 
will be contained in R3 then h will not restrict to a map of lR3. Hence we obtain the 
following theorem, which for the sake of clarity, we reprove explicitly below. 
Theorem. No prime knot in lR3 is rigidly negative achiral. 
Proof. Let K be a prime knot in fR3. Suppose there is a finite order diffeomorphism 
h of lR3, which takes K to itself and reverses the orientations of both R3 and K. 
Define S3 to be lR3 together with a point p at infinity. Then h extends to a map of 
S3 which fixes the point p. Since h reverses the orientation of K and is of finite 
order, there must also be two fixed points on K. Thus h fixes at least three points 
of S3. So by Smith Theory [7], the fixed point set of h must be a 2-sphere. Now, 
as shown above, K must be composite. This contradicts our assumption that K was 
prime. Hence, no such h could exist. q 
As a result of this theorem, we can now easily find examples of knots in R3 
which are topologically achiral but not rigidly negative achiral. The simplest such 
example is the figure eight knot. We have already seen that the figure knot can be 
deformed to its mirror image. But since it is a prime knot it cannot be rigidly 
negative archical. However, the figure eight knot is rigidly positive achiral, as we 
saw earlier (recall Fig. 6). 
Nonetheless, the theorem also suggests how to find examples of knots in 3-space 
which are topologically achiral but neither rigidly negative achiral nor rigidly posi- 
tive achiral, and hence have no symmetry presentation. If there is a knot which is 
prime, topologically negative achiral, but not positive achiral, by the theorem, such 
a knot cannot be rigidly negative achiral; and since it is not positive achiral it is 
surely not rigidly positive achiral. Since the knot is negative achiral it will be topo- 
logically achiral. Thus any such knot is topologically achiral but not rigidly achiral. 
We have seen earlier that topological amphicheirality of a knot in S3 is 
equivalent to topological achirality of the knot when considered in R3. Therefore, 
any prime knot in S3 which is negative amphiceiral but not positive amphicheiral 
can be considered as a knot in R3 which is prime, negative achiral, but not positive 
achiral. The knot illustrated in Fig. 9 is the simplest such knot. In the standard knot 
tables [5], this knot is known as 8,, because it is the seventeenth knot which can be 
drawn with only eight crossings and no fewer. In Fig. 9 we have drawn this knot 
as it usually appears in the tables. 
In order to see how the knot St7 can be deformed to its mirror image it is easier 
if we do not use the standard projection shown in Fig. 9. Instead we first deform 
it so that it appears as in Fig. 10, where we then show how to deform it to its mirror 
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Fig. 9. 
image. Since this knot is topologically achiral but not rigidly achiral this deforma- 
tion is necessarily a chiral pathway for racemization. 
Fig. 11 illustrates that even though this knot has no symmetry presentation in lR3 
it does have a symmetry presentation in S3. The picture is drawn as a never ending 
arc, which actually closes up to a circle at the point at infinity. Observe that the axis 
of rotation goes through the center of the knot and the point at infinity on the knot. 
So there is no way to restrict this symmetry presentation to a symmetry presentation 
for K which is entirely contained in fR3. 
Thus 8,, is an example of a knot in 3-space which is topologically negative 
achiral but not rigidly achiral. There are many other prime negative amphicheiral 
knots which are not positive amphicheiral, and hence will yield similar examples. 
However, the knot 8i, is the simplest such example. It is also possible to construct 
knots in 3-space which are topologically positive achiral but not rigidly achiral (see 
Flapan[2]). However, that construction is substantially more difficult than the con- 
struction of topologically negative achiral knots which are not rigidly achiral. This 
difference is because the property of rigid negative achirality is closely tied to the 
distinction between R3 and S3; whereas a knot in R3 is rigidly positive achiral if and 
only if the same knot when considered in S3 is rigidly positive amphicheiral. 
Fig. 10. 
Fig. 11. Fig. 12. 
166 E. Flapan 
In contrast to knots, it is not hard to find graphs which are topologically achiral 
but not rigidly achiral. Let K be a prime achiral knot, for example the figure eight 
knot. Let C be an unknotted simple closed curve which meets K at one point. Let 
the graph G =KU C be as illustrated in Fig. 12. Since K can be deformed to its mir- 
ror image and C is its own mirror image, one simply does the necessary deformation 
of K (recall Fig. 5), then slides C back into place at the end to get a deformation 
of G to its mirror image. Hence G is topologically achiral. However, suppose h were 
a finite order orientation reversing diffeomorphism of R3 leaving G invariant. 
Then h would have to leave K invariant and leave C invariant. Hence h would have 
to fix the point of intersection. Now since h fixes a point of K, there must actually 
be one other point of K which is fixed by h. But the fixed point of intersection is 
also a point of C, so there must also be one other point of C which is fixed by h. 
By [7] if h fixes three points, then h must actually fix a 2-sphere. Now, as in the 
proof of our theorem, K must be composite knot (recall Fig. 8). Hence G is 
topologically achiral but not rigidly achiral. 
Observe that for graphs we do not distinguish between positive and negative 
achirality because, unlike a knot, there is no natural way to give a graph an orien- 
tation. 
We close with a question for the chemists. Can any topologically achiral knot 
which is not rigidly achiral be synthesized? In particular, can the knot numbered 
8i, be synthesized? We suspect this may be a difficult task; however, we suggest 
that such a molecule would be interesting and asthetically pleasing for both mathe- 
maticians and chemists alike. 
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